The paper considers optimal design problems in the context of active damping. More specifically, we are interested in controlling the tip-deflection of a cantilever beam subjected to static and time-harmonic loading on its free extreme. First, the thickness profile of a piezoelectric bimorph actuator is optimized and second, the width profile. In the thickness study, formulation and results depend on whether the electric field or the applied voltage is kept constant. For the latter case we propose a differentiable model that connects electric field and piezo-actuator thickness to include electric field breakdown. Results are presented for both design variable cases, for static as well as for dynamic excitation for single frequency and frequency intervals.
converting electrical energy into mechanical, that is, they strain under an applied voltage. As sensors they do the opposite, they produce an electric signal when deformed.
Although the magnitudes of piezoelectric displacements and/or voltages are small, piezoelectric materials have been adapted to an impressive range of applications. An interesting application is the active control of structural vibrations. As opposed to passive damping, which often adds unwanted weight to the structure, active damping can reduce vibrations with little increase in weight. Active damping consists in adding piezoelectric actuators and sensors to the structure to be controlled. These actuators and sensors are usually patches embedded in laminated composites or surface bonded to flexible structures such as beams or plates, forming the so-called smart structures. In practice, the most common piezoelectric materials used in this field are twofold: PZT (lead zirconate titanate) [10] and PVDF (polyvinylidene fluoride) [11] . They are basically chosen due to their light weight, relatively low cost, small size and good frequency response. More specifically, the brittleness and stiffness of PZT makes it well suited to be used as actuator, while the compliance of PVDF makes it a better candidate for sensing applications.
It is obvious that the efficiency of actively controlled systems depends very much on the number, position and size of actuators and sensors (as well as on the type of controller used). The problem of optimal distribution of piezoelectric actuator patches has been studied by many authors (see [5] for a review), but since these approaches usually assume that size, shape, and number of actuators are given a priori, they may lead to sub-optimal solutions. It is also interesting to optimize both structural and control parameters at the same time. One of the first works in this area was ref. [2] which used fixed number and position of actuators for actively controlled beam structures.
Recently, some authors have begun to apply topology optimization to find optimal piezo-actuator distributions on plates and shells in the static case [14] and beams in the dynamic case [16] , assuming constant thickness in all of them. In [15] some interesting results are obtained by using shape optimization techniques. In that work, an iterative technique to optimize the shape of piezoelectric actuators over beams and plates is used in order to achieve desired shapes of the structure.
Above discussed studies considered bulk piezoelectric materials. However, it is also possible to improve piezoelectric performance characteristics by designing an optimal periodic piezo-composite. Unit cell and homogenization based topology optimization studies can be found in [19] for the two-dimensional case as well as in [17] for the three-dimensional case.
In this paper, we consider an initially undamped cantilever beam with twin symmetrical surface bonded piezoelectric actuators uniformly distributed along the structure, a so-called piezoelectric bimorph actuator which is shown in Fig. 1 . Firstly, we tackle the design problem of optimal distribution of piezo-actuator thickness along the structure subjected to time-harmonic loading in its free extreme, so that the tip-deflection can be controlled. In such a case, the design variable will be the piezo-actuator thickness, h a (x), (see Fig. 1a ). The second design problem deals with finding the optimal distribution of piezo-actuator width along the structure under the same loading conditions, but now keeping constant the thickness. In Fig. 1b both side and top views of the composite structure are shown, with the piezo-actuator width, w a (x), being the new design variable. Starting with a uniform design variable distribution (constant width or thickness) the optimization results in the optimal piezo-actuator distribution including number of patches and their optimal placement. It is important to point out that both piezoelectric actuators in Fig. 1 have been poled in the same direction and hence, polarity will not be considered as a design variable in the design problem.
In relation to the thickness study, we can find a recent application in [3] , where a variable thickness piezoelectric bimorph actuator is proposed for application to minimally invasive surgery (five discrete thicknesses are considered rather than continuous variation).
The paper is organized as follows: first we briefly present the governing equations for piezoelectric materials, compute the bending moment produced by the piezoactuators depending on the design variable, and emphasize the problems associated with constant driving voltage. In the latter case, a model connecting both field and thickness is required and therefore proposed here. Then, we obtain the optimal values for both design variables, thickness and width, that make the static tip-deflection zero. Later on, we formulate the optimal design problem in dynamics from the topology optimization perspective and finally, we show several numerical examples for a single driving frequency as well as for frequency intervals by using Padé approximants. We consider linear piezoelectricity, that is, piezoelectric materials which have a linear response under changes in the electric field, electric displacement, mechanical stress and strain. The relationships among all these tensors can be fully described by a single pair of electromechanical equations. There are many equivalent ways to write them and the best choice will depend on the problem studied.
Using the notation of [6] 1 , we can describe the behavior of a piezoelectric material by the following piezoelectric constitutive equations
where i, j, k, l take on values 1, 2, 3 (or x, y, z), and ε ij is the strain tensor, σ kl is the stress tensor, s E ijkl is the compliance tensor, d kij are piezoelectric constants, E k is the electric field (also called electric strength in this context), D i is the electric displacement, and T ik is the permittivity. The superscripts E and σ indicate that the values of the tensors are obtained at constant electric field and constant stress, respectively.
In the absence of external loading and assuming that the electrostatic field is applied out of phase to the two piezo-actuators in the z-direction only (otherwise, the whole structure would be working in tension or compression), the beam undergoes pure bending around the y-axis (see Fig. 1 ). Now considering perfect bonding between beam and PZTs as well as Bernoulli-Euler beam theory [4] , the composite structure undergoes linear strain, as it is shown in Fig. 2 . This strain distribution assumes upward poling direction for both piezo-actuators as well as the polarity of the voltage source shown in Fig. 1 . According to this, it is noticed that the piezo-actuator of the top becomes longer in the x-direction as well as thinner in the z-direction (while the piezo-actuator of the bottom becomes shorter in the x-direction and thicker in the z-direction), however, the thickness change can be neglected since the piezo-actuator thickness value is much lower than its length. Consequently, the stresses will be confined in the x-direction, making the piezo-actuator of the top work in both compression and bending, while the one of the bottom work in tension and bending. Using a compact notation [6] it is not difficult to see that for this particular situation (1) reduces to the two following scalar equations
where Y a is the Young's modulus of the piezoelectric material.
It is worthwhile emphasizing that the double-sided configuration of piezoelectric actuators fixes the neutral axis to the center of the beam.
Bending moment under constant electric field strength, E 3
Let us now consider both piezoelectric actuators of dimensions L × w a × h a , length, width and thickness, respectively (all of them constant values), surface bonded to a beam of dimensions L × w b × h b . Whenever an electrostatic field, E 3 = Va ha , is applied out of phase to both piezoelectric actuators, the deformation in the piezoelectric materials produces a pure bending moment M a acting on the beam (see Fig. 2 ), equal to the one produced by the beam in order to be in equilibrium, and easily computed by the formula
In Fig. 3a and Fig. 3b bending moment functions are plotted versus the piezo-actuator thickness (under constant w a ) and piezo-actuator width (under constant h a ), respectively, for two beams of unit length (L = 1 m), thickness h b = 2 mm, width w b = 5 cm, and different Young's modulus (steel, Y b = 200 GPa, and aluminum, Y b = 70 GPa). Material properties of PZT are Y a = 65 GPa, d 31 = 200·10 −12 m/V, and E 3 = 100 V/mm. In the thickness study w a = 5 cm (= w b ), whereas in the width study h a = 1 mm.
Looking at Fig. 3a , we can see that there exists an optimal thickness value ( [12, 13] ) that maximizes the bending moment (almost half the thickness of the beam assuming a steel beam and a quarter thickness for an aluminum beam, since the latter material is less stiff than steel). It is also observed how the bending moment function approaches zero when the thickness becomes large because the flexural rigidity of the piezo-actuator limits the bending strain. As opposed to that, Fig. 3b shows that the wider the piezo-actuator is, the higher the moment is as well, though it tends to a finite value (the less stiff the beam material, the lower such a value is) when the piezo-actuator width value becomes large.
Bending moment under constant voltage, V a
We are now interested in understanding how the bending moment is affected when the amplitude voltage (again applied out of phase to both piezoelectric actuators) is constant rather than the amplitude field. For the moment, we will just focus on the thickness study.
It is known that whenever a voltage, V a , is applied over the piezo-material electrodes of gap h a (see Fig. 4 ), electric energy is stored between them through the electric field produced, E 3 = Va ha . On decreasing the gap under the same voltage, the field increases its value. In practice, piezoelectric materials have a maximum allowable electric field strength E max (also called dielectric strength) which, if exceeded, will degrade the material and eventually cause loss of piezoelectric properties. This is called electric field breakdown ( [21] ).
This discontinuity will cause problems for optimization, therefore we need to develop a model that connects both the electrostatic field, E 3 , and the piezo-actuator thickness, h a , in a smooth way; in other words, we are interested in finding a differentiable approximation between these two variables for any gap value. To do that, we propose the following interpolation functions
where n is a given integer power such as n ≥ 1, and h min a is a threshold value under which the piezoelectric material breaks down. The value of h min a is found by imposing that the thickness h a verifying E 3 (h a ) = 0, makes E 3 (h a ) = E max hold. In that way, we arrive at where α(n) = n+1 n+1 √ n n . We can see in Fig. 5a how (4), on the one hand, takes the zero value when there is no piezo-actuator (and it also takes values close to zero when there is almost no piezo-actuator), and on the other hand, it tends to the commonly used expression Va ha when h a h min a . For higher n, the smooth function approaches the original response in Fig. 4 . As a consequence, the bending moment under constant voltage (see Fig. 5b ) becomes a continuous and differentiable function and consistent with mechanical intuition
Bending moment functions, under constant electric field and under two constant values of voltage (for n = 10), are also plotted in Fig. 5b , exhibiting the differences between both models. It is also important to notice that the maximum bending moment under constant voltage corresponds to the one obtained for the dielectric strength at that particular voltage value.
When the design variable is the piezo-actuator width, w a the electric field is constant and does not depend on the design. For this case the bending moment under constant voltage is found by replacing the field term E 3 by the constant one Va ha in (3).
Optimal solutions for the electrostatic case
We reconsider the tip-loaded cantilever beam in Fig. 1 , where both piezo-actuators have been poled now in the downward direction. From the previous section we can extract that either a homogeneous piezo-actuator thickness distribution or homogeneous piezo-actuator width distribution is equivalent to considering two couples of the same magnitude, one clockwise in the clamped extreme and another one counter-clockwise in the free extreme of the beam. Thus, we are interested in finding the optimal value of t a such that the bending moment M a is able to control the structure and hence, to get zero tip-displacement dependent on the tip-force F , that is,
where t a is either homogeneous thickness h a or homogeneous width w a . Notice that, in both cases, the design variable appears in the bending moment, as well as in the moment of inertia term. However, the design variable t a only needs to satisfy the equation M a (t a ) = 2 3 F L. Tip-deflection curves versus piezo-actuator thickness are plotted in Fig. 6a for different load values, F , under constant electric field. Depending on the loading, it is possible to control the output (make the tip-displacement zero). However, for F > 0.08 N it is only possible in the limit where the actuator thickness approaches infinity (i.e. the beam has infinite stiffness). In Fig. 6b the same family of curves are plotted but now for F = 0.04 N and using different voltage values, V a . As before, it is observed that sometimes (V a < 25 V) it is not possible to get zero tip-displacement for finite thickness values. Finally, in Fig. 6c tip-deflection curves versus piezoactuator width are also shown for different load values and, as before, for F > 0.08 N, is not possible for finite width values.
Design problem formulation for harmonic loading
Assuming very slender beams and lower order modes, we can use the classical Bernoulli-Euler's theory in the model for beam vibrations
where we assume harmonic loading with driving frequency Ω. The design variable, t a (either h a or w a ), is included Under harmonic loading (and either harmonically varying electric field or voltage as well), the vertical displacement will also be harmonic,
where z(x) is the amplitude function, verifying the ordinary differential equation
and M is the bending moment in which the harmonic term concerning either the electric field or voltage has been canceled when we take derivatives with respect to the x-coordinate. Under all these considerations and adding a volume constraint on the piezoelectric material as well as bound constraints on the design variables, the design problem is mathematically formulated as
subject to
where t max a and f a (0 < f a < 1) are the given upper bound and upper volume fraction for the piezoelectric material, respectively.
Even though we are considering a shape optimization problem rather than a genuine topology optimization one (the reader is referred to [1] for an overview of the method and different applications), the philosophy is basically the same. The method used is a gradient-based optimization algorithm ( [20] ) that solves the problem of distributing a limited amount of material in a design domain in order to optimize a certain objective function. The standard approach consists of discretizing the design domain in finite elements and letting each one of them have a variable density ρ e as design variable. Any variable can vary from zero to one, and typically represents a spatial material density.
For our problem, having discretized the design domain in N finite elements, the densities appear when we normalize the design variables in the following way t e a = t max a ρ e a , 0 ≤ ρ e a ≤ 1, e = 1, · · · , N.
After discretization, the optimization problem can be written as
where L is a zero matrix with ones at the diagonal elements corresponding to the output nodes, U and F are the global displacements and force vectors, respectively, K and M are the global stiffness and mass matrices, respectively, ρ is the vector of design variables, and v is a vector containing the volume of the elements. This formulation was first adopted in [18] .
To perform the sensitivity analysis, we first rewrite the objective function by adding a zero term (according to the adjoint method)
Taking into account that the displacement field is regarded as a function of the design variables through the equilibrium equation, we obtain the derivatives of the objective function with respect to the densities,
with λ satisfying the adjoint equation
Numerical examples
In this section, we illustrate our approach through several numerical examples for a steel beam. We begin by finding optimized distributions of variable thickness under constant electric field amplitude, E 3 = 100 V/mm. In Fig. 7a an optimized thickness profile is shown for F = 0.04 N and f = (Ω/2π) = 1.9 Hz, when h max a = h b = 2 mm, and the volume constraint is f a = 0.5. The dashed black line corresponds to the beam and the grey one is the optimized solution obtained through the numerical algorithm. In this particular case, the obtained solution consists of considering a piezoelectric material distribution whose thickness varies as it is shown in Fig. 7a . At this point, it is important to notice that it not possible to make a piezoelectric material with variable thickness (like wedge shape, for instance) for a single layer type ceramic. However, using multilayer technology it becomes possible by subdividing the piezoelectric material in thin layers poled individually. In other words: once optimized designs have been obtained, a post-processing step would be required to make the manufacturing process possible (see the final design proposed in Fig. 7a ). Another possibility is to discretize the optimized solution in finite thicknesses. That is precisely indicated with the black line in Fig. 7b , where two piezo-actuator patches of different thickness value have been chosen to construct the final design for f = 11.1 Hz (below second mode). Another example is shown in Fig. 7c by using the same input data but driving frequency f = 29.4 Hz (below third mode). This time more discrete thicknesses are needed (only four are considered) to reflect as much as possible the optimized solution. Judging from the numerical results, it also seems that we would need more patches as the driving frequency increases its value, but, of course, Anyway, common to all three situations is the fact that, keeping constant the electric field amplitude, since E 3 = Va ha , under variable thickness h a , the voltage has also to vary along the structure, so it means that to control the structure, we would need the same number of voltage sources as the layers or discrete piezo-actuators used. More specifically, in the two previous examples, at least, two and four voltage sources would be necessary, respectively. Again, on increasing the driving frequency, more voltage sources would be expected, which does not seem to be a viable way to proceed, from an engineering point of view.
The manufacturing problem can be overcome by keeping the driving voltage rather than the driving field constant. The last two examples are now shown with the frequency response in Fig. 8 under constant amplitude voltage, V a = 50 V. In Fig. 8b it can be observed how there are slight differences between frequency response of both optimized and final design (after using the second post-process mentioned before) around the driving frequency, f = 11.1 Hz. However, more changes than before are noted in Fig. 8d , even though both frequency responses take the same value for the new design frequency f = 29.4 Hz. This clearly tells us how sensitive the frequency response is with respect to small variations of the optimized designs, and how exact the postprocessing should be, otherwise, we will run the risk of being far from our initial objective.
Considering the width case, optimized distributions of piezo-actuator width (under constant thickness, h a = 1 mm) are shown in Fig. 9a and Fig. 9c for F = 0.04 N, w max a = w b = 5 cm, and f = 10.3 Hz and f = 29.4 Hz, respectively, when the amount of piezo-actuator is limited to 25% (f a = 0.25). It can be observed (see Fig. 9b and Fig. 9d ) how the frequency response is optimized at those particular driving frequencies, but a small variation in the frequency response would imply an output far from the optimized one. This justifies why it will be more appropriate to minimize the frequency response for a range of frequencies rather than for a single frequency. An efficient way to do this is by using Padé approximants ( [7] , [8] ), because they provide an accurate frequency response in a design interval at low computational cost. Basically, a Padé approximant is that rational function (of a specified order) whose power series agrees with a given power series (it is typically an unknown function) to the highest possible order. In our context, the unknown function is the vector which contains the discretized nodal values of the amplitude function, U. Truncating the Taylor expansion of such an amplitude function near the design frequency Ω 0 and replacing it by its corresponding Padé approximant (the Taylor expansion has a very limited convergence range near Ω 0 , regardless of a large number of expansion coefficients), the frequency response is accurately approximated for a relatively small number of expansion terms. The new objective function is the average response in the frequency range Ω ∈ [Ω 0 − ∆Ω, Ω 0 + ∆Ω], that is,
where U p is the Padé approximant of the Taylor expansion of U and N Ω is the number of evaluation points in the design interval. Although the computation of the new sensitivity analysis is rather tedious, analytical expressions can be obtained. We will not go into details here about that, but the reader is referred to [8] and [9] for a complete analysis of the sensitivity as well as other aspects related to the numerical procedure.
In Fig. 10a and Fig. 10c optimized distributions for piezo-actuator width are shown for the frequency intervals [10 13 ] Hz and [6. 8 16.4 ] Hz, respectively. As it is shown in Fig. 10b and Fig. 10d , the frequency response of the output is now optimized in the whole initial interval (in black) and therefore, transformed into a new one (in grey).
In Fig. 11 optimized distributions Finally, we minimize the tip-response in the whole interval [0 48] Hz. In this case, three Padé approximants (centered on 7.9 Hz, 23.8 Hz and 39.8 Hz, respectively) are needed to accurately approximate the frequency response in the design interval. An optimized profile is shown in Fig. 12a when the starting point is the usual homogeneous distribution of volume 0.3 and f a = 0.3, but the final volume of the solution is 0.21 (i.e. the volume constraint is not active). In Fig. 12b we can see how the frequency response is minimized in all the interval. Now, if this optimized solution is used as a new starting point with f a = 0.21, then a new optimized solution of final volume 0.21 (now the volume constraint is active) that gives us a lower value of the objective function is obtained (see Fig. 12c and Fig. 12d ). However, a worse solution (in terms of our objective function) is obtained by starting with a homogeneous distribution of volume 0.25 and f a = 0.25 (see Fig. 12e and Fig. 12f ). We have also noticed in other examples that different solutions that gives us similar values of the objective function are obtained by changing the starting point. According to this, we can conclude that the design problem studied here is both non-unique and has many local minima.
This time (taking the width as design variable), the optimized shapes do not raise any manufactured difficulties if processed by e.g. laser cutting techniques, though sometimes a design regularization would be advisable to smooth resulting designs.
Conclusions
An optimal design problem in the context of active damping has been treated in this paper. The problem of controlling the tip-deflection of a cantilever beam subjected to time-harmonic loading on its free extreme has been studied, by independently optimizing two design parametrizations, namely thickness and width distribution of a piezoelectric bimorph actuator surface bonded to the structure. In the thickness study, the formulation depends on whether the electric field or the voltage is kept constant. In the latter case, a model connecting both electric field and piezo-actuator thickness is necessary. For manufacturing reasons we conclude that a post-processing step (either discretization in layers or in finite thicknesses) is required after finishing or during the optimization process. However, the constant voltage actuation is desirable because only one voltage source is needed to control the output of the beam. Another interesting observation is the fact that different thickness values can take the same bending moment value indicating nonuniqueness of the results.
For the width optimization case, non-uniqueness of designs remain a problem but manufacturing is not an issue. Therefore we find it more advisable to focus on the width as design variable rather than the thickness.
Finally, it is important to point out that optimization for a range of frequencies rather than for a single frequency value lets us obtain a really good broad band performance in the structure to be controlled, otherwise, the designs obtained are very sensitive to perturbations in design and loading frequency. 
